We consider and study Blaschke inductive limit algebras A(b), defined as inductive limits of disc algebras A(D) linked by a sequence b = {B k } ∞ k=1 of finite Blaschke products. It is well known that big G-disc algebras A G over compact abelian groups G with ordered duals Γ = G ⊂ Q can be expressed as Blaschke inductive limit algebras. Any Blaschke inductive limit algebra A(b) is a maximal and Dirichlet uniform algebra. Its Shilov boundary ∂A(b) is a compact abelian group with dual group that is a subgroup of Q. It is shown that a big G-disc algebra A G over a group G with ordered dual G ⊂ R is a Blaschke inductive limit algebra if and only if G ⊂ Q. The local structure of the maximal ideal space and the set of one-point Gleason parts of a Blaschke inductive limit algebra differ drastically from the ones of a big G-disc algebra. These differences are utilized to construct examples of Blaschke inductive limit algebras that are not big G-disc algebras. A necessary and sufficient condition for a Blaschke inductive limit algebra to be isometrically isomorphic to a big G-disc algebra is found. We consider also inductive limits H ∞ (I) of algebras H ∞ , linked by a sequence I = {I k } ∞ k=1 of inner functions, and prove a version of the corona theorem with estimates for it. The algebra H ∞ (I) generalizes the algebra of bounded hyper-analytic functions on an open big G-disc, introduced previously by Tonev.
1. Introduction. Let T = {z ∈ C : |z| = 1} denote the unit circle and let D = {z ∈ C : |z| ≤ 1} be the closed unit disc in C. Consider an inductive sequence
of disc algebras A(T k ) = A(T) linked by homomorphisms i k+1 k : A(T k ) → A(T k+1 ). Every conjugate mapping (i k+1 k ) * : ᏹ k ← ᏹ k+1 maps the maximal ideal space ᏹ k+1 ≈D of A(T k+1 ) into the maximal ideal space ᏹ k ≈D of A(T k ). Since i k+1 k (f ) = f •(i k+1 k ) * ∈ A(T k+1 ) for every f ∈ A(T k ), the mapping (i k+1 k ) * is an analytic function preserving the unit disc. The inverse limit
is the maximal ideal space of the inductive limit algebra where the closure is taken in C(Ᏸ). In general, the mappings (i k+1 k ) * are not obliged to map the unit circle T k+1 onto itself. The most interesting situations, though, are the ones when they do, and this is what we will assume in the sequel. In effect, the mappings (i k+1 k ) * become finite Blaschke products B k (z) = e iθ n k s=1 z − z s,k 1 −z s,k z , 0 < z s,k < 1 (1.4) onD. The inductive limit algebra [lim →k→∞ {A(T k ), i k+1 k }] in this case is called a Blaschke inductive limit algebra. Note that all algebras i k+1 k (A(T k )) are algebraic extensions of the disc algebra that are isometrically isomorphic to the disc algebra itself. Indeed, let A be an algebra and let A[x] be the algebra of polynomials in x over A. For a given unital polynomial p(x) = x n + a 1 x n−1 +···+a n , a j ∈ A in A[x] the set p(x)A [x] is an ideal in the algebra A [x] . Recall that the algebraic extension of A by p(x) is the algebra
(
1.5)
A p is isometrically isomorphic to A(T) if and only if the diagram
is commutative, where i is the natural embedding i : A(T) → A p , and π : A p → A(T) is an isomorphism. In this case the homomorphism j = π • i : A(T) → A(T) coincides with the composition operator C B = f • B defined by a finite Blaschke product B, that is, (j(f (z))) = (C B (f ))(z) = f (B(z)). Let G be a compact abelian group, whose dual group G is isomorphic to a subgroup Γ of R. Denote by A G the big G-disc algebra generated by Γ , that is, A G is the uniform algebra on G generated by the semigroup of characters {χ a ∈ G : a ∈ Γ + }, where Γ + = {a ∈ Γ : a ≥ 0} is the positive part of Γ . The elements in A G are referred to as generalized G-analytic functions on G. In Section 2 we review some results on finite Blaschke products and generalized G-analytic functions. In Section 3, we show that Blaschke inductive limit algebras share many properties with big G-disc algebras. We give also necessary and sufficient conditions on a group Γ ⊂ R so that the big G-disc algebra A G , G = Γ can be expressed as the inductive limit of a Blaschke sequence of (algebraic extensions of) disc algebras. In Section 4, we study annulus type Blaschke inductive limit algebras. The local structure of Blaschke inductive limit algebras is studied in Section 5. We construct Blaschke inductive sequences of disc algebras whose limits are not big G-disc algebras. In Section 6, we describe the one-point Gleason parts in the maximal ideal space of a Blaschke inductive limit algebra. This description plays a crucial role in Section 7, where we find necessary and sufficient conditions for a Blaschke inductive limit algebra to be expressed as a big G-disc algebra. In Section 8, we consider inductive limits of algebras H ∞ that are linked by inner functions, and prove the corona theorem for them.
Preliminaries.
Here we state several basic results on finite Blaschke products and generalized G-analytic functions, we will need further. Given a uniform algebra A, ᏹ A and ∂A will denote the maximal ideal space and Shilov boundary of A correspondingly. Any homomorphism ϕ : A → B between two uniform algebras naturally generates a conjugate map ϕ * : ᏹ A ← ᏹ B between their maximal ideal spaces. If, in addition, ϕ is an isometry, that is, if
for every g ∈ A, then ϕ is called an embedding of A into B. 
Hence ϕ is an isometry.
On the other hand, if ϕ is an isometry, then
implies that the set ϕ * (∂B) is a boundary for A. Therefore ϕ * (∂B) ⊃ ∂A.
Note that every embedding j : A(T) → A(T) of the disc algebra into itself generates an isometric isomorphism between A(T) and j(A(T)). Hence j * : ᏹ j(A(T)) → ᏹ A(T) D is a homeomorphism and j * ∂(j(A(T))) = ∂A(T) = T. If, in addition, ᏹ j(A(T)) =D and ∂(j(A(T))) = T, then j * (T) = T, and hence the function j * is a finite Blaschke product (see [6] , Chapter I, 2). Consequently, for any isometry j : A(T) → A(T) with the above properties there is a Blaschke product
By the Brower's fixed point theorem, B always has a fixed point, that is, B(z 0 ) = z 0 for some z 0 ∈D. If the order of B is greater than 1 then by the Schwartz lemma the fixed point of B is unique.
We will need in the sequel the following result, which is probably well known. 
6)
where m = ord B and τ θ = e iθ (z − z 0 )/(1 −z 0 z) for some θ, 0 ≤ θ < 2π .
Proof. The restriction of B on D\{z 0 } generates a holomorphic covering from
, then the composition ϕ • B generates an unramified m-sheeted holomorphic covering from D\{z 0 } onto D\{0}. Consequently, there exists a biholomorphic map σ :
Let G be a compact abelian group. We assume that its dual G is isomorphic to a subgroup Γ of R. The big G-disc∆ G over G is the compact set obtained from the Cartesian product [0, 1] × G by identifying the points in the fiber {0} × G. The group G ≈ {1} × G ⊂∆ G is the topological boundary of∆ G . If Γ = Z, then G = Z = T, and the big G-disc algebra A G coincides with the classical disc algebra. We list here some of the basic properties of A G .
(a) A G is a maximal Dirichlet algebra.
such that g ∈ G and ϕ : Γ → Γ is an automorphism that preserves Γ + , that is, τ = τ (g,ϕ) , where τ (g,ϕ) (χ a ) = (χ ϕ(a) (g))χ ϕ(a) . The automorphisms of A G in the case when G = T are the Möbius transformations of the unit disc.
Blaschke inductive limit algebras. Let
k=1 be a sequence of natural numbers. Suppose that m k = k l=1 d l , m 0 = 1, and denote by Γ Λ the abelian subgroup of Q, that is, generated by the numbers 1/m k , k ∈ N. The group Γ Λ can be expressed as the inductive (direct) limit of groups Z, namely
The corresponding dual groups form an inverse (projective) sequence of unit circles, whose limit is the compact abelian group G Λ = Γ Λ , that is, There arises a conjugated inductive system {A(T k ), i k+1 k } ∞ k=1 of disc algebras A(T) linked by homomorphisms i k+1
, that is,
Consider the extensions τ k+1 k (z) = z d k onD k . The limit of the inverse sequence
A(T) and connecting homomorphisms i k+1
The elements of the component algebras A(D k ) can be interpreted as continuous functions on∆ G Λ . The uniform closure lim → k→∞ A D k ,C z d k (3.4) in C(∆ G Λ ) of the inductive limit of the system {A(D k ), C z d k } ∞ k=1 , as well as the corresponding restriction algebra [lim →k→∞ [10] ).
In a similar way, if {K l } ∞ l=1 is a sequence of compact subsets in the complex plane C with τ l+1 l (K l+1 )=K l for every l ∈ Z, then the closure of the inductive limit lim →l→∞ {A(K l ), [9] ).
Consider an inductive sequence of disc algebras
5)
that are linked by the embeddings i k+1 k : A(T k ) → A(T k+1 ). We have that ᏹ i k+1 k (A(T k )) = D, and also ∂(i k+1 k (A(T k ))) = T. According to the remarks following Lemma 2.1 there are finite Blaschke products B k : D → D such that i k+1 k = C B k for every k ∈ N, that is,
commutes for every k = 0, 1, 2,..., where π k be the natural covering mapping π k :k → T. The inverse sequence of circles
commutes for every k ∈ N. The inverse sequence (3.9) is (topologically) isomorphic to the sequence
which on its own is isomorphic to the sequence
Consequently, the set Ᏻ b from (3.8) is homeomorphic to the group G Λ . For the dual sequence we get
We have obtained the following result. (3.11) can be equipped with the structure of a compact abelian group isomorphic to G Λ , where Γ Λ = G Λ ⊂ Q.
Consider an inverse sequencē
is an algebra of functions on Ᏸ b , and its closure
be the corresponding inductive limit of disc algebras.
Indeed, under our hypothesis B k maps T k+1 onto T k and D k+1 onto D k . Since the Shilov boundary of every component algebra A(D k ) is the unit circle T k , and the maximal ideal space is the discD k , then the properties (i)-(iii) follow from the general results of inductive limits of uniform algebras (e.g., [7] ). The maximality of A(B) is a consequence from the following result. Proposition 3.3. Every inductive limit of maximal algebras is a maximal algebra.
* * }\A, and consider the algebra
. This shows that A is a maximal algebra.
We end this section with the following property of big G-disc algebras.
Theorem 3.4. Let G be a compact abelian group whose dual group G is isomorphic to a subgroup Γ of R. The big G-disc algebra A G can be expressed as a Blaschke inductive limit of disc algebras if and only if Γ is isomorphic to a subgroup of Q.
Proof. The first part of the theorem follows from Proposition 3.
be an enumeration of Γ . Without loss of generality, we can assume that
is generated by the numbers 1/m k , k ∈ N. As we saw at the beginning of this section, the Blaschke inductive limit [lim →k→∞
be a sequence of finite Blaschke products onD with no more than one critical point z
Proof. Without loss of generality, we can suppose that the hypotheses hold for every n ∈ N. Lemma 2.2 implies that for every Möbius map ϕ k onD with ϕ k (z (k)
Take ϕ 0 to be the identity onD. Lemma 2.2 allows us to define inductively a sequence {ϕ k } ∞ k=1 of Möbius maps onD. Every ϕ k generates an isometric automorphism C ϕ k on A(D) such that the conjugate diagram As Theorems 3.4 and 3.5 show, certain classes of algebras of G-generalized analytic functions can be expressed as inductive limits of disc algebras. Actually, any algebra of generalized G-analytic functions can be expressed as inductive limit of an, in general not necessarily countable, inductive spectrum of disc algebras. [r ,1] . Let D [r ,1] = {z ∈ C : r ≤ |z| ≤ 1}, and bD [r ,1] = {z ∈ C : |z| = r or |z| = 1}. Denote by A(D [r ,1] ) the uniform algebra of continuous functions on D [r ,1] that are analytic in the interior. Note that A(D [r ,1] [r ,1] ), the algebra of continuous rational functions on D [r ,1] . By a well-known result of Bishop, the Shilov boundary of A(D [r ,1] ) is bD [r ,1] , and the restriction of A(D [r ,1] ) on bD [r ,1] is a maximal algebra with codim Re(A(D [r ,1] )| bD [r ,1] ) = 1. These results have been extended to the generalized G-analytic case in [5] . Namely, let G be a compact abelian group whose dual group is isomorphic to a subgroup Γ of R. Let ∆ , generated by the functions χ a , a ∈ Γ , defined in Section 2. Then (a) ∆
Annulus type Blaschke algebra A(b)
Consequently, the algebra R(∆ 
where m k = k l=1 d l , m 0 = 1. Hence, there arises an inverse sequence
of compact subsets ofD. Consider the conjugate inductive sequence
where the embeddings C z d k :
Let G denote the compact abelian group whose dual group Γ Λ = G is the subgroup of Q generated by the numbers 1/m k , m k = k l=1 d l , m 0 = 1, k = 0, 1, 2,.... onto E k , and the mapping ϕ k defined by ϕ k (g • χ a k ) = g maps isometrically and isomorphically
commutes. Therefore (4.3) and (4.5) are two isomorphic sequences, and thus
Let now b = {B k } ∞ k=1 be a sequence of finite Blaschke products onD and let d k = ord B k . Define inductively the sets 1] . (4.8)
Consider the following conjugate sequences
where .
For the proof we need the following version of a well-known result about Riemann surfaces. 
is commutative, that is,
Proof. The function z d k generates a bijection z d k from E k onto the d k -sheeted 
The conjugate map C ψ k maps the algebra A(E k ) isometrically and isomorphically onto A(F k ). Hence the inductive sequences (4.3) and (4.10) are isomorphic, and therefore,
(4.12)
In the setting of Theorem 4.2 the listed below properties of the algebra A(b) [r ,1] follow directly from Theorem 4.2, Proposition 3.3, and the results in [6] .
(a) The maximal ideal space of the algebra A(b) [r ,1] is homeomorphic to the set ∆ [r ,1] is a maximal algebra on its Shilov boundary.
(e) One-point Gleason parts of A(b) [r ,1] belong to the Shilov boundary b∆ 
of subsets of D. The inductive limit
is again a uniform algebra on its maximal ideal space lim
of order n generates an n-sheeted covering over each simply connected domain V ⊂ D that does not contain critical points of B. Thus the set F = B −1 (V ) ⊂ D is biholomorphic to the collection of n copies of V , that is, F V ×F n , where F n = {1, 2,...,n}, and the algebra A(F ) is isomorphic to a subalgebra of the algebra
is the algebra of all continuous functions f (z,k) onV × F n such that f (·,k) ∈ A(V ), k = 1, 2,...,n. Clearly,V × F n is the set of maximal ideals of the algebra A(F ), and A(F )|V ×{k} A(V ) for every k = 1, 2,...,n. Hence
The space C(F n ) can also be considered as a subalgebra of A (n) (V ) consisting of all functions f ∈ A (n) (V ) that are constant on the setsV ×{k}, k ∈ F n . 
Proof. Consider the inductive sequence
commutes. Note that j k maps D [0,r ] onto D [0,r ] , and F m k onto F m k−1 . Hence, the conjugate diagram
is commutative for every k ∈ N. Therefore, the inductive sequence (5.5) is isomorphic to the sequence
Consider the inductive sequence
Note that the inductive sequence (5.1) is isomorphic to the sequence
Clearly, the algebra A(b) [0,r ] 
Proposition 5.1 implies the following corollary.
Corollary 5.2. In the setting of Proposition 5.1, the only one-point Gleason parts of the algebra A(b) [0,r ] are the points of the Shilov boundary bᏰ (b) All points in (a) have one and the same order d n > 1.
is isometrically isomorphic to an algebra 
Consequently, the limit Ᏸ
Note that, as before, the set Y is homeomorphic to the set Corollary 5.4 implies that A(b) [0,r ] is isometrically isomorphic to a big G-disc algebra if and only if the set Y consists of one point. for all n big enough.
One-point Gleason parts of Blaschke inductive limit algebras.
A celebrated theorem by Wermer states that in every non-one-point Gleason part of the maximal ideal space of a Dirichlet algebra one can embed an analytic disc. Therefore it is of some importance to identify the one-point Gleason parts of an algebra, and especially those of them that do not belong to the Shilov boundary.
Given a sequence of finite Blaschke products b = {B n } ∞ n=1 onD consider the Blaschke inductive limit algebra
Let Ꮾ r be the set of all Blaschke products on D whose zeros are inside the disc D r = {|z| < r }, and let Ꮾ 0 r ⊂ Ꮾ r be the set of those products that vanish at 0. In this section we prove the following theorem. We proceed with the proof by several lemmas. Given two points m 1 and m 2 in Ᏸ b consider the Gleason metric 
As we saw in the proof of Proposition 6.4, |z n | < |z k+1 | for every n ∈ N, and lim n→∞ |z n | = 1. Therefore, without loss of generality we can assume that
Consider the simply connected domains
(6.13) Lemma 6.5 implies that B n has no singularities on K n+1 . According to Theorem 4.2, 1] is a uniform subalgebra of A(b) [r ,1] . The point m belongs to the interior of ᏹ A(b) [r ,1] since z n ∈ Int K n for every n ∈ N.
If we assume that m is the only point in its Gleason part with respect to A(b), then
for every m 1 ∈ ᏹ A(b) [r ,1] , that is, m is the only point in its Gleason part for A(b) [r ,1] , a contradiction. Hence, m does not belong to any one-point Gleason part of A(b) [r ,1] . Corollary 6.6. Let B ∈ Ꮾ r , B(0) ≠ 0, and B k (z) = z d k B c k , d k > 1. Then A(b) has only one one-point Gleason part in the set Ᏸ b \Ᏻ b .
Blaschke inductive limit algebras and big G-disc algebras.
Throughout the previous sections we obtained certain relations between Blaschke inductive limit algebras and big G-disc algebras (Theorem 3.4, Corollary 5.5). The main theorem in this section provides necessary and sufficient conditions for a Blaschke inductive limit algebra A(b) to be isometrically isomorphic to a big G-disc algebra in the case when all Blaschke products B k : D → D in the generating A(b) sequence b = {B k } are equal. If this is the case, we will denote the Blaschke inductive limit algebra We precede the proof of Proposition 7.1 by several lemmas.
Lemma 7.2. Consider the defining A(B) inductive sequence
where B(0) = 0 and A k = A(D k ). For every n ∈ N there exists an automorphism I n :
2)
where i n : A n → A(B) is the natural imbedding.
Proof. We prove the result for I 2 . For n > 2 the proof follows the same lines. For every n ∈ N consider the identity mapping I n 2 of A n onto A n+1 . For every n ∈ N we have that I n 2 (id(D n )) = id(D n+1 ), I n 2 (f ) = f for every f ∈ A n , and henceforth the diagram
commutes. Consequently, the given inductive sequence is isomorphic to A(B) , that is, outside its Shilov boundary. Since I n is an automorphism, it preserves the structure of the algebra A(B). Therefore the point I * n (O) is also a one-point Gleason part of A(B) out of the Shilov boundary. Hence, I * n (O) = O, as claimed.
The following result is probably well known.
Lemma 7.4. Let X be a connected compact Hausdorff set and let ψ n ∈ C(X) be such that lim n→∞ exp(ψ n ) − 1 = 0. Then there are k n ∈ Z such that the functions ϕ n = ψ n − 2πk n i converge uniformly to 0 on X.
Proof. If ψ n = u n + iv n , then exp(ψ n ) = exp(u n )(cos v n + i sin v n ). By lim n→∞ exp(ψ n ) − 1 = 0 we have that exp(u n ) sin v n → 0 and exp(u n ) cos v n → 1 uniformly on X. It follows that exp(u n ) is a bounded sequence on X and, consequently, cos v n → 1, sin v n → 0 uniformly on X. The connectedness of X implies that for every n ∈ N there is a k n ∈ Z such that v n −2πk n < 1. Therefore, v n −2πk n → 0 because of sin v n → 0. Consequently, cos(v n − 2πk n ) → 1, thus exp(u n ) → 1, hence u n → 0, hence ϕ n = ψ n − 2πk n i → 0 uniformly on X, as desired.
Observe that the mapping i * 1 : ᏹ A(B) →D conjugated to the inclusion i 1 : A(D) → A(B) maps the Shilov boundary ∂A(B) = Ᏻ b onto T = ∂A(D). Lemma 7.5. Let B be a finite Blaschke product with B(0) = 0. If S is an isometric isomorphism from the Blaschke inductive limit algebra A(B) onto a big G-disc algebra A G , then the set (S •i 1 )(A(T)) contains necessarily a character χ 1 of the group G = ∂A G .
Proof. Note that since |(S • i 1 )(id(T))| = 1 on G, then (S • i 1 )(id(T)) = χ 1 exp(ϕ), where χ 1 ∈ G and ϕ ∈ C(G), by the van Kampen theorem [12] . The Arens-Royden theorem (e.g., [3] ) assures that χ 1 ∈ A G . We show that actually χ 1 ∈ (S • i 1 )(A(T)).
Let χ be any fixed element in G ∩ A G . Given an ε > 0 one can find an n ∈ N so that d((S • i n )(A(T)), χ) < ε, where d(·, ·) is the uniform distance in A G ⊂ C(G). Hence by (7.2) we have d S • i 1 A(T) ,SI −1 n S −1 χ = d i 1 (A(T)), I −1 n S −1 χ = d I n • i 1 A(T) ,S −1 χ = d i n A(T) ,S −1 χ = d S • i n A(T) ,χ < ε, (7.5) where I n is the mapping from Lemma 7.2. As an automorphism of the big G-disc algebra A G onto itself, SI −1 n S −1 maps χ to a function of type cχ 0 , where χ 0 ∈ A G is again a character on G, c ∈ C, |c| = 1 (see [1] ). Therefore, for every ε > 0 one can find a character χ ε ∈ G ∩ S (A(B) )| G such that d i 1 A(T) ,S −1 χ ε = d S • i 1 A(T) ,χ ε < ε.
(7.6)
By the van Kampen theorem for every n ∈ N one can find m n ∈ Z, ψ n ∈ C(T), and χ 1/n ∈ A G such that S • i 1 id mn (T) exp ψ n − χ 1/n = S • i 1 id(T) mn exp S • i 1 ψ n − χ 1/n < 1 n ,
where i 1 (z mn exp(ψ n )) ∈ i 1 (A(T) ). Consequently, χ 1 mn exp m n ϕ + i 1 ψ n − χ 1/n < 1 n . (7.8) This can happen only if (χ 1 ) mn = χ 1/n . Therefore, we obtain that exp m n ϕ + i 1 ψ n − 1 < 1 n . (7.9) By Lemma 7.2 we have that the functions m n ϕ + i 1 (ψ n ) − 2πk n i tend uniformly to 0 for some k n ∈ Z as n → ∞. Note that i 1 (ψ n ) − 2πk n i ∈ i 1 (C(T)) ⊂ C(Ᏻ b ) = [lim →k→∞ {C(T), B * }]. Consequently, ϕ + (i 1 (ψ n ) − 2πk n i)/m n → 0, and hence ϕ ∈ i 1 (C(T) ). From (S • i 1 )(id(T)) = χ 1 exp(ϕ) we conclude that χ 1 ∈ (S • i 1 )(C(T)). It remains to show that χ 1 ∈ (S • i 1 )(A(T)). Suppose that S −1 χ 1 ∉ i 1 (A(T)) ⊂ i 1 (C(T)) and take a g ∈ C(T) such that i 1 (g) = S −1 χ a . Then g ∉ A(T), and the algebra A g = [A(T), g] on T generated by A(T) and g equals C(T) by the maximality of the disc algebra A(T). Observe that i 1 (C(T)) = i 1 (A g ) = [i 1 (A(T)), (S −1 • i 1 )g] = [i 1 (A(T) ), χ a ] ⊂ i 1 (C(T)) ∩ A(B)| Ᏻ b . However, this contradicts the antisymmetry property of the big G-disc algebra A G A(B). We conclude that S −1 χ 1 ∈ i 1 (A(T)), that is, χ 1 ∈ (S • i 1 )(A(T)). 
Proof of Proposition

